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Layer-Wise Shell Theory for Postbuckling of Laminated
Circular Cylindrical Shells

J. N. Reddy* and M. Savoiat
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

The layer-wise shell theory of Reddy is used to study the postbuckling response of circular cylindrical shells.
The Rayleigh-Ritz method is used to solve the equations by assuming a double Fourier expansion of the
displacements with trigonometric coordinate functions. Numerical results for postbuckling response of axially
compressed multilayer cylinders with simply supported edge conditions are presented for different values of shell
imperfections.

I. Introduction

T HE problem of buckling and postbuckling analyses of
axially loaded cylindrical shells has attracted an enor-

mous research interest, and it has been the subject of many
different theoretical approaches. Nevertheless, questions yet
remain about a complete understanding of all of the details of
the phenomena involved.1"5

In addition, in recent years the increasing need for
lightweight structural elements has led to the use of fiber-rein-
forced multilayered structures. In this context, Koiter-type
b-factor analyses6 have shown that optimization of the axial
buckling load with respect to the laminate properties may
cause a large increase in imperfection sensitivity.7 Pandey and
Sherbourne8 remarked that the criteria for optimality of the
load capability and reduced imperfection sensitivity are often
competing factors.

Thin elastic shells subjected to predominantly compressive
membrane stress states show a tendency to buckle explosively
and the loss of stability occurs at loads far below those pre-
dicted by a linear eigenvalue analysis. To capture this phenom-
enon, an imperfection sensitivity analysis is usually performed
by analyzing the initial postbuckling response, within the con-
text of Koiter's general theory. Even though this analysis
usually indicates an unstable bifurcation, the possibility does
exist that a higher load than the bifurcation point can be
supported before the total collapse occurs. Moreover, ad-
vanced postbuckling analyses2'9 showed that for large imper-
fection amplitudes the bifurcation becomes stable so that
higher loads can be sustained.

In the past, imperfection sensitivity studies as well as full
nonlinear analyses of isotropic and multilayered cylindrical
shells were often performed disregarding the effects of end
conditions by assuming that the cylinder is infinitely long.
These simplified studies can help to understand the extremely
complex behavior of thin isotropic10'13 and composite14'15 cir-
cular cylinders in compression. Such studies also help to out-
line some perplexing phenomena.16 However, a systematic
experimental investigation17'18 of cylinders of different length
revealed the strong influence of the cylinder length on the
buckling behavior, namely, on the wave length into which the
shell buckles.19"21

With few exceptions,22'23 postbuckling analyses of multilay-
ered cylindrical shells have been performed only by the classi-

Received Sept. 17, 1991; revision received Jan. 27, 1992; accepted
for publication Jan. 27, 1992. Copyright © 1992 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

*Clifton C. Garvin Professor, Department of Engineering Science
and Mechanics; currently, Oscar S. Waytt Chair, Department of
Mechanical Engineering, Texas A&M University, College Station, TX
77843.

fVisiting Scientist; Assistant Professor, University of Bologna, Italy.
2148

cal laminate theory, that is, the theory based on the Kirchhoff
hypothesis. It is well known that this theory is adequate for
isotropic shells when the thickness-radius ratio is very small.
When fiber-reinforced composites are considered, the trans-
verse shear strains must be taken into account since the ratio
between the layer extensional modulus along the fiber direc-
tion and the shear moduli is usually very large, even 50 times
larger than for isotropic materials.

In addition, when layers with very dissimilar material pro-
perties are bonded together, the continuity of the stress vector
at the layer interface requires discontinuity of the strain com-
ponents and, consequently, displacements with discontinuous
derivatives in the thickness direction at the interlaminae.24'25

In the present study, the layer-wise shell theory of Reddy26'28

is used for the postbuckling analysis of laminated cylindrical
shells subjected to compressive axial loads. There exists sev-
eral other layer-wise theories, as reviewed by Reddy.24 To
distinguish the layer-wise theory used here from those pro-
posed by others, the present layer-wise theory is called the
layer-wise theory of Reddy (see also Ref. 29). This theory
assures an accurate description of the three-dimensional dis-
placement field by expanding it as a linear combination of
layer-wise thickness approximation functions and unknown
functions defined over the mean surface of the shell.

The nonlinear strain-displacement relations for shells with
small geometric imperfections are assumed, based on the
Mushtari-Vlasov-Donnell kinematic approximation of small
strains and negligible small rotations. Despite their simplicity,
these equations yield very accurate results in terms of buckling
and maximum loads for shell with Batdorf curvature parame-
ters Z< 10,000 (for isotropic shells).30'31

The governing differential equations of the layer-wise shell
theory are obtained by the application of the principle of
virtual displacements. The displacements are represented in
the surface of the shell by means of a double trigonometric
expansion, and the Rayleigh-Ritz method is used to obtain the
nonlinear set of algebraic equations.

A linearized (eigenvalue) buckling analysis28 was previously
performed using the layer-wise theory. The development is
extended here to postbuckling analysis. It is shown that thin
isotropic shells require a large number of terms in the expan-
sion to perform a multimode analysis,32'33 whereas orthotropic
and multilayered cylinders require only few terms. Numerical
results are presented for the postbuckling response of axially
compressed multilayered cylinders for different values of shell
imperfection. Maximum loads equal to 40-60% of the linear
buckling loads are obtained in the examples presented herein.

II. Governing Equations
A. Displacement and Strain Fields

Consider a laminated circular cylindrical shell of total thick-
ness h, mean radius R, and length L. The laminate is made of
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Fig. 1 Geometry, coordinate system, and notation for displacements
of a circular cylindrical shell.

_ du dv dwfl dw dw\ dw/l dw dw
e n - + + + + +

(3)

Here, the single subscript notation of strains is introduced.
Similar notation will be used for stress components.

B. Virtual Work Statement
Suppose that the circular cylindrical shell is subjected to

axial load distribution q at the ends and internal and external
pressure distributions pb and pt . The minimum total potential
energy principle is used to derive the governing equations. The
minimum total potential energy principle states that OT = 0,
where 511 is the first variation of the total potential energy,

0 0
or/fie/ dz dy dx -

- h/2 0
[q(y,z)du\x =

N cross-ply orthotropic layers. The cylinder is simply sup-
ported on its edges. A local coordinate system (x, y, z) is used
(see Fig. 1), in which x and y are in the axial and circumferen-
tial directions, and z is in the direction of the outward normal
to the middle surface; the corresponding displacements are
designated by u, v, and w. In addition, w denotes the radial
deviation (i.e., geometric imperfection) of the shell from the
perfectly cylindrical shape.

In order to assure an accurate description of the displace-
ment components, the layer-wise theory of Reddy is used.
In the layer-wise theory, the displacement is expanded as
follows.28

N+l

u(x,y,z) = £ Ui(x,y)&(z) = U&
i= 1
N+ I

v(x,y,z) = £ Vi(x,y)&(z) = v/#
*;! (1)

w(x,y,z) = £ Wi(x,y)&(z) = w/$''/ = i
N+l

ti(x,y,z) = £ fy(x,y)&(z) = #/<£'/ = i
where «/, v/, and w/ are the unknown functions to be deter-
mined, and Wf are assigned geometric imperfections. In Eqs.
(1), summation on repeated indices is assumed. The & are
assumed to be linear approximation functions with local sup-
port that assume value equal to 1 at the ith interface and 0 at
they'th interface, / ^j:

(2)

hi '

Considering a small shell thickness when compared with the
radius of curvature R (i.e., shallow shell theory) and taking
into account the nonlinear strains due to large radial displace-
ments, the following nonlinear Mushtari-Vlasov-Donnell strain-
displacement relations34 are obtained:

_ du dw/l dw dw
= ~ ~ + +

^ dw/l dw dw
+ ~ ~*

dw_ _ _
= e33 = ~T~ > €4 =dz

dv dw
T~ + ~T~dz dy

v
~R

du dw
dz ox

+ Pt (x,y )5 w \z = h/2] dy dx

0 JO

(4)

Substituting the strain-displacement relations (3) and the dis-
placement representation (1) in Eq. (4), and integrating
through the thickness we obtain

dx0 JO
1 dx \ dx dx

dy
1-R

dw, dw,
- — - + — J-dy\dy dy

Tt(q '

lPb(x,y)dwi + pt(x,y)dwN+ J dy dx = 0 (5)

where the axial load q is assumed constant through the thick-
ness, and the laminate resultants Ml

at M%, Q^ K^, and Tf are
defined as follows:

( h/2
a^dz,

-A/2

A/2

-A/2
dz (a = 1 ,2,6)

oa—— dz(a = 3,4,5)
-h/2 dz

i h/2

aa#dz (« = 4,5)
(6)

h/2

-h/2

2
tl/2

tN-2

-̂ ±i / ŝ jfV

I = 1

i=N+l

We assume that the laminated cylindrical shell is made of
orthotropic layers with elastic symmetry with respect to the
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dent with the axial and circumferential directions x and y
(cross-ply lamination scheme). Then the layer constitutive
equations can be written as,

ai = CU€j (ij = l, 2, 3)

o/ = C//€/ (/ = 4, 5, 6; no sum on /)
(7)

where C// are elastic coefficients of the layer, and single sub-
script notation for stresses is used:

= ^22 > = (733

= a 12
(8)

Using Eqs. (7), the stress resultants in Eqs. (6) can be ex-
pressed in terms of the generalized displacements.

C. Total Potential Energy in Terms of Displacements
Consider a cylinder subjected to constant axial load q0 and

constant external and internal pressure distributions pt a.ndpb.
By substituting the laminate resultants (6) in terms of displace-
ments into the statement (5), collecting terms involving the
variations of functions («/, v/, w/) separately, the following
governing equations are obtained:

= 0 (9b)

o Jo

+1

dy R

a* \
3w'

dy dx -

(9c)

where 6^ is the Kronecker delta and the laminate stiffnesses
appearing in Eqs. (9) are defined as

h/2

-h/2

h/2

-h/2
dz

h/2
C

-h/2
—— dz ,

h/2
C

-h/2
(10)

dz dz
where i,j,k,l = 1, 2, . . . , N + 1. The explicit form of these
coefficients is given in Appendix 1 of Reddy and Savoia.35

III. Rayleigh-Ritz Solution
In order to solve system (9), the Rayleigh-Ritz method is

used. The unknown displacements are expressed in terms of a
double trigonometric series. For simply supported boundary
conditions, the following solution form, which satisfies the
boundary conditions ut = 0 (at x = L/2), v/ = 0, w/ = 0, and
w/ = 0 (at x = 0,L) is used:

Uj = U™n COS CLrnX COS /^

(m = 1,. . . ,M; n = 0, . . . ,7V)

v/ = V™ sin a^ sin fa

(m = l,...,M;n = l9...,N)

Wt = W™n sin oifnX cos j8^y

(m = 1,. . . ,M; « =0, . . . ,N)

fy = W?n sin dfnX cos j8^y

(m = 1 , . . . , M ; « =0, . . . , AT)

(11)

(12)
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where am = irm /L , &„ = n /R , m and n being the numbers of
axial half waves and circumferential waves, respectively, and
t//™, Kf", and Wf*" are coefficients to be determined. It is
noted that the solution form (11) is chosen so as to satisfy
identically the linear part of the governing equations (9). In
addition, by means of Eqs. (12), the radial shell imperfection
Wf is expanded in the same form as the radial displacement w/.

Substituting Eqs. (11) and (12) into the governing equations
(9), and performing the integrations over the shell mean sur-
face, the following set of nonlinear algebraic equations is
obtained:

J (c&Dfl

csc /^ssr
/wr/j nsq

= OF (13a)

5V1":

(13b)

K
^CCC
-'/is^

-'nsq

cccc Ccccc
mrpg^nsqh

cscs r*cscs -mrpg^nsqh

ssss

x (Wfh + WfhWf = P™ (13c)

where the load terms are defined as follows:
r
0, n 5*0
0, n — 0, m even

[pb4LR/m, n = 0, m odd

j 0, n 5* 0
Pgi j = «| o, n=0, m even (14)

-pt4LR/m, w = 0 , /w odd

or =

Moreover,

0, n ^0
2irRfti + //_ 0 at the ith node, n = 0
2irRti at node 1, n =0

n =0

sin cijX cos OLJX ... dx
(15a)

sin cos

for n * 0

LTT/? for « =0
(15b)

The integral coefficients L and C defined in Eqs. (15a) are
obtained by the integration of products of trigonometric func-
tions over the length and circumferential coordinates, respec-
tively. The nonzero coefficients are listed in Appendix 2 of
Reddy and Savoia.35

IV. Numerical Results
A. Buckling Analysis

It is usual to perform a linearized buckling analysis before
the full nonlinear analysis in order to select those modes that
dominate the prebuckling and buckling behavior of the shell.
In fact, this criterion can be profitably used to select the
modes to be included in the displacement expansion (1), so
reducing the required core size and the time required for
obtaining the numerical solution.

In this context, the following prebuckling stress state is
assumed28 to be that corresponding to a pure membrane state
where the end effects are disregarded:

= - <?0» = (Pb = (74 = <75 = a6 = 0

(16)

Consequently, the second-order work of the prebuckling
stresses can be written as

(17)
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with 10 13 16 19 22 25 28 31 34

(18a)

(18b)

Making use of the displacement expansion (1), the following
eigenvalue problem is obtained for any mode (m,n):

[S13]
[S22]
[S23]r [S33]

[0] [0] [0]
[0] [0] [0]
[0] [0] [M33]

(19)

where S^(iJ = 1, 2, . . . , TV + 1; «,/3 = 1, 2, 3) are the linear
coefficients of Eqs. (13) (see Ref. 35), and M£ = c&/tf.

In order to bring out the notable differences between the
buckling response of isotropic and multilayered cylinders, a
buckling analysis has been carried out. Four cases of thin
(h = 0.254 cm) and thick (h = 7.62 cm) isotropic and multilay-
ered shells with R = 91.4 cm and L = 254 cm are considered.
The elastic properties used are given in the following.

Isotropic shell:

E = 209.5 GPa (30 X 106 psi), v = 0.3 (20a)

Three-layered cross ply (0 deg/90 deg/0 deg) shell:

EL = 209.5 GPa (30 x 106 psi), ET = 1 GPa (106 psi)

GLT = 3.5 GPa (0.5 x 106 psi)

GTT = 1.4 GPa (0.2 x 106 psi)

VLT = VTT = 0.3, /!,=/J/3

(20b)

where subscripts L and T stand for directions along and trans-
verse to the fibers, respectively.

Figure 2 depicts the plots of ratios of buckling load over the
minimum buckling load (qb/qmb) for different values of the
half axial wave number m and the circumferential wave num-
ber n. For isotropic cylinders, the minimum buckling load
agrees very well with the well-known classical buckling load34:

Eh
(21)

For the thin isotropic cylinder (Fig. 2a), the level lines of the
eigenvalue map are very similar to the Koiter's circles6 for
infinitely long thin isotropic cylinders; Koiter6 pointed out
that only for high wave numbers the effect of restrained ends
has some influence on buckling loads. In addition, it is noted
that there are many modes whose eigenvalues are only slightly
higher than the lowest eigenvalue (qb/qmb~ 1): for thin shell
geometry 119 modes (located in the area marked with dots in
the eigenvalue map) exhibit a buckling load about 10% higher
than the minimum buckling load. Hence, in this case, there is
no way to find the actual postbuckling path, i.e., the exact
number of waves in which the shell buckles. To obtain some
reasonable results, an accurate analysis of the amplitude of the

10 13 16 19 22 25 28 31 34

AXIAL HALF WAVE NUMBER m

Thin isotropic cylinder: L = 254 cm; R = 91.4 cm; h = 0.254 cm

28 31 34

b)

1 4 7 10 13 16 19 22 25 28 31 34

AXIAL HALF WAVE NUMBER m

Thick isotropic cylinder: L = 254 cm; R = 91.4 cm; h = 7.62 cm

10 13

7 10
AXIAL HALF WAVE NUMBER m

c) Thin three-layered cylinder: L = 254 cm; R = 91.4 cm; h = 0.254

4 7 10 13
AXIAL HALF WAVE NUMBER m

d) Thick three-layered cylinder: L = 254 cm; R = 91.4 cm; h = 7.62
cm
Fig. 2 Linearized buckling analysis: the modes included in the areas
marked by dots have an eigenvalue ratio less than 1.1.
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initial geometry imperfection, based on experimental data, is
needed,32'36 and a multimode approach may require an enor-
mous number of modes. For these reasons, two- or three-
mode analyses,3'4 even though they are very important to
understand the erosion mechanism of the membrane stiffness
in the postbuckling path, cannot be used to achieve good
estimates of the maximum load and imperfection sensitivity.

When the wall thickness is increased to h =7.62 cm (Fig.
2b), the overall behavior is not changed from the previous
case, but now the lowest buckling load is single valued, and
only two other modes show a ratio qb/qmb less than 1.1.
Unlike in the thin shell case because of the high bending
rigidity of the thick shell, these modes are associated with only
one or two half waves in the axial direction.

For multilayered thin (Fig. 2c) and thick (Fig. 2d) fiber-rein-
forced cylinders, the behavior is substantially different from
the isotropic one. For both cases, the maps of buckling loads
suggest that very few modes are required in a nonlinear multi-
mode analysis.

B. Postbuckling Analysis
Examples of postbuckling behavior of imperfect multilay-

ered cylindrical shells are presented here for different values of
the wall imperfection. The imperfection is represented in
terms of an increment to the radial deflection, and the incre-
ment w is assumed to be in the same form as the displacement
field [see e.g., Eqs. (1)]. The nonlinear equations (13) are
solved making use of the Riks-Wempner incremental iterative
scheme37'39 in order to follow the equilibrium path even
through limit points. The tangent stiffness matrix is presented
in Appendix 3 of Reddy and Savoia.35

Two example problems are considered here, namely, three-
layered thin (h = 0.254 cm) and moderately thick (h = 2.54
cm) shells with R =91.4 cm, L = 254 cm, and elastic proper-
ties presented in Eq. (20b).

Figures 3 show plots of the axial load vs the axial deflection
for three different amplitudes of the initial imperfections. The
axial load is normalized with respect to the minimum buckling
load obtained from the linear eigenvalue analysis. For the thin
shell case (Fig. 3a), the unstable postbuckling behavior is
related to the coupling between the modes (6,13), (6,14), and
(6,15). The maximum load obtained is approximately one half
of the buckling load predicted by the eigenvalue analysis,
whereas the minimum postbuckling load is 0.38 times the
critical buckling load. In accordance with Pedersen,2'9 the
maximum load can be reached only for shells with very small
imperfections. For higher imperfections (shown by dashed
lines in Fig. 3a), a gradual transition from the pure membrane
prebuckling behavior to the nonlinear response occurs. In the
same figure, the deformed shape in the postbuckling path is
included.

0.80 -i

0.60

0.40 -

0.20 -

0.00

q/q

0.00 0.04 0.08 0.12

AXIAL DEFLECTION
Fig. 3a Postbuckling analysis: load vs normalized axial deflection
U/h (at jc = L, y = 0, z = -h/2) equilibrium path for a thin three-
layered cylinder (L = 254 cm, R = 91.4 cm, h = 0.254 cm) for dif-
ferent values of the mode imperfections: ——W' m n =-IQ~ 6 ;
.... w* — —10-3. ___nri — _in-2" mn ~ 1U > ——— ** mn ~ 1U

0.80 n

0.60 -

0.40

0.20

0.00

q/q
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Fig. 3b Postbuckling analysis: load vs normalized axial deflection
U/h (at x = L, y = 0, z = -/r/2) equilibrium path for a moderately
thick three-layered cylinder (L = 254 cm, R = 91.4 cm, h = 2.54 cm)
for different values of the mode imperfections: —— Wl

mn = -10~5;
* - -10-1
mn ~~ 1U

The postbuckling response for the moderately thick shell is
presented in Fig. 3b. In this case, the unstable behavior is
related to coupling of modes (2,4) and (2,5), as it is also shown
by the deformed shape reported. The thick cylinder shows a
postbuckling branch stiffer than the thin cylinder because of
its higher bending rigidity. The particulars of the transition at
the minimum postbuckling load is highlighted in Fig. 3b.

V. Conclusions
The postbuckling response of circular cylindrical shells

made of cross-ply lamination schemes is studied using the
layer- wise shell theory. The effect of imperfection on the
postbuckling response is investigated for isotropic and cross-
ply and thin and thick cylindrical shells with simply supported
boundary conditions. Thin isotropic cylinders exhibit many
eigenvalues close to the minimum eigenvalue. For thick cylin-
ders, the number of eigenvalues close to the minimum eigen-
value is relatively small. On the other hand, cross-ply compos-
ite cylindrical shells, thin or thick, show less number of
eigenvalues closer to the minimum eigenvalues. When the
cylinder is thick, the number is further reduced.

In the postbuckling analysis, it is observed that the magni-
tude of imperfection has an effect on the load-carrying capac-
ity of the shells. The maximum load-carrying capacity of a
shell can be achieved only for small imperfection (say,
10~5 - 10~4 times the thickness of the shell). For large imper-
fections, the shell does not exhibit any obvious elastic limit
load; the nonlinear load-deflection curves indicate softening
structural response. In the postbuckling regime, thick cylin-
ders show higher stiffness when compared to thin cylinders.
This is due to the large bending rigidity of thick shells.
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